The dense stellar environment of the Galactic center has been proposed to host a large population of as-yet undetected millisecond pulsars (MSPs). Recently, this hypothesis has found support in an analysis of gamma rays detected with the Large Area Telescope onboard the Fermi satellite, which revealed an excess of diffuse GeV photons in the inner 15 deg about the Galactic center. The excess can be interpreted as the collective emission of thousands of MSPs in the Galactic bulge, with a spherical distribution strongly peaked towards the Galactic center. In order to fully establish the MSP interpretation, it is essential to find corroborating evidence in multi-wavelength searches, most notably through the detection of radio pulsations from individual bulge MSPs. Based on globular cluster observations and gamma-ray emission from the inner Galaxy, we investigate the prospects for detecting MSPs in the Galactic bulge. While previous pulsar surveys failed to identify this population, we demonstrate that upcoming large-area surveys of this region should lead to the detection of dozens of bulge MSPs. Additionally, we show that deep targeted searches of unassociated Fermi sources should be able to detect the first few MSPs in the bulge. The prospects for these deep searches are enhanced by a tentative gamma-ray/radio correlation that we infer from high-latitude gamma-ray MSPs. Such detections would constitute the first clear discoveries of field MSPs in the Galactic bulge, with far-reaching implications for gamma-ray observations, the formation history of the central Milky Way and strategy optimization for future deep radio pulsar surveys.
INTRODUCTION
Millisecond pulsars (MSPs) are rapidly spinning neutron stars that produce observable pulsations (mostly in radio, but often also in gamma-rays, and occasionally in X-rays), have short spin periods and low surface magnetic fields (compared to other pulsars) that are loosely in the range P ≤ 30 ms and B ≤ 10 9 G. MSPs are believed to originate from pulsars in binary systems, in which the companion star transfers material to the pulsar, reducing its magnetic field and increasing its angular momentum. During the accretion phase, and for low-mass companions, the system can often be seen as a low-mass X-ray binary. Afterwards, an MSP (for that reason also called recycled pulsar) is left behind and can emit observable pulsations for about 10 10 years (Bhattacharya & van den Heuvel 1991) .
MSPs have a multi-wavelength emission spectrum, including both pulsed and un-pulsed types of emission, from radio frequencies up to TeV gamma rays. MSPs emit soft X-rays through the polar caps (kT ≤ 1 keV, Zhang & Cheng (2003) ). They can also shine in GeV gamma rays through curvature radiation as predicted by outer gap models (Zhang & Cheng 2003) . We refer to the recent review by Grenier & Harding (2015) for further details and references. Strong pulsar winds, accelerating relativistic electrons interact-ing with the surrounding medium, might be responsible for non-pulsed X-ray emission through synchrotron radiation (Chevalier 2000; Cheng et al. 2004 ) and for TeV photons through inverse Compton scattering Aharonian et al. (1997) . The detailed timing of the multiwavelength emission provides useful information to study emission models (e.g. Kalapotharakos et al. 2014) .
About 370 MSPs are currently known at radio frequencies: 237 of them are field MSPs in the Galactic disk, 1 and 133 (with P ≤ 30 ms) are associated with 28 different globular clusters.
2 Historically, the first ∼ 35 field MSPs were found in the 1980s and 1990s in large area radio surveys, mainly based on the Parkes southern sky survey and the Arecibo survey at 430 MHz. Subsequently, various large area surveys using again the Parkes telescope, Arecibo, and since 2002 also the Green Bank Telescope (GBT), lead to the discovery of around 200 MSPs (for a recent review see Stovall et al. 2013) . Additionally, ∼ 70 MSPs were discovered in radio follow-ups of Fermi unassociated sources (Ray et al. 2012) , and at least one MSP was first detected by observing gammaray pulsations (Abdo et al. 2013) . All MSPs in globular clusters were instead found in deep targeted searches.
The presence of gamma-ray and radio MSPs in the Galactic disk and in globular clusters is now well established (Abdo et al. 2010 (Abdo et al. , 2013 . Additionally, it has been long proposed that the Galactic center might harbor an MSP population with a much larger number density than the Galactic disk. One traditional argument supporting this hypothesis is that the high stellar density at the Galactic center is substantially different from the disk. In such a highly dense stellar environment the likelihood for the formation of binary systems is enhanced. This results in a higher probability to produce MSPs, as it happens in the dense environment of globular clusters (Alpar et al. 1982; Verbunt & Hut 1987; Camilo et al. 2000) . On the other hand, these MSPs might be the fossils of tidally disrupted globular clusters that fell in towards the Galactic center because of dynamical friction. They would release all their stellar content and contribute to the nuclear stellar cluster and the Galactic bulge (Tremaine et al. 1975; Arca-Sedda & Capuzzo-Dolcetta 2014; Gnedin et al. 2014; Brandt & Kocsis 2015) .
A population of ∼ 6000 MSPs at the Galactic center was first proposed by Wang (2005) in order to explain various multi-wavelength observations at the same time: The large number of unidentified Chandra Xray sources (Muno et al. 2003) , the EGRET GeV diffuse gamma-ray emission in the inner 1.5
• (MayerHasselwander et al. 1998) , and the TeV diffuse emission as measured by HESS (Aharonian et al. 2004 ) (see also Bednarek & Sobczak (2013) for interpretations of the TeV emission).
Lately, Abazajian (2011) proposed a population of MSPs associated with the bulge of the Galaxy as explanation for the extended excess emission of GeV gammaray photons that has been found in observations of the inner Galaxy with the Fermi Large Area Telescope (LAT) (Goodenough & Hooper 2009; Vitale & Morselli 2009) , dubbed the Fermi GeV excess. By now, numerous follow-up studies by several independent groups (Hooper & Goodenough 2014; Hooper & Linden 2011; Abazajian & Kaplinghat 2012; Gordon & Macias 2013; Macias & Gordon 2014; Abazajian et al. 2014; Daylan et al. 2016; Calore et al. 2015b) , and lately also the LAT collaboration (Ajello et al. 2015) , have confirmed the existence of this excess emission, which emerged above predictions from conventional Galactic diffuse emission models.
It is worth emphasizing that the word 'excess' is here somewhat misleading and potentially confusing. In fact, none of the Galactic diffuse emission models that were used in the above analyses actually included any realistic model for the gamma-ray emission of the Galactic bulge or center. Significant emission from the Galactic bulge hence necessarily shows up as 'excess' above the model predictions. Since it is common in the literature, we will continue to refer to this emission as Fermi GeV excess, but note that a much more appropriate and descriptive term would be 'Galactic bulge emission'.
The Fermi GeV excess shows specific spectral and spatial features (we follow here the results from Calore et al. (2015b) and note that Ajello et al. (2015) come to similar results where the analyses overlap). The best fit to the energy spectrum is given by a broken power-law (dN/dE ∝ E −α ) with spectral indices α(E < E b ) = 1.4 +0.2 −0.3 and α(E > E b ) = 2.6 ± 0.1, and break energy of E b = 2.1 ± 0.2 GeV. However, also power-laws with an exponential cutoff fit the data well when taking into account the large systematic uncertainties related to the subtraction of Galactic diffuse foregrounds.
3 This is in good agreement with the stacked spectrum of gammaray MSPs as determined by McCann (2015) (namely E cut = 3.6 ± 0.2 GeV and α = 1.46 ± 0.05; see Cholis et al. (2014) for similar results). Although the Fermi GeV excess is most clearly visible in the inner 5 deg of the Galactic center, indications for an excess with a characteristic peak at around 2-3 GeV can be found up to 15 deg above and below the Galactic plane (Daylan et al. 2016; Calore et al. 2015b) . The morphology of the excess is compatible with a spherical symmetric volume emissivity that is strongly peaked towards the Galactic center, and which follows a radial power-law of dE/dV ∝ r −Γ , with Γ = 2.56 ± 0.20 in the inner ∼ 15 deg.
The energy spectrum of the Fermi GeV excess is indeed well in agreement with Fermi observations of Galactic field MSPs (Calore et al. 2015a ). The combined emission from thousands of MSPs, too dim to be resolved by the telescope as individual objects, might produce the diffuse excess emission provided that the density of sources steeply rises towards the Galactic center (Abazajian 2011; Abazajian et al. 2014; Gordon & Macias 2013; Yuan & Zhang 2014; Petrović et al. 2015) . Such an extended, spherically symmetric, spatial distribution could be generated as the debris from tidally disrupted globular clusters (Brandt & Kocsis 2015) . Also, secondary gamma-ray emission can be produced from positronelectron pairs emitted by MSPs and up-scattering lowenergy ambient photons up to ∼ 100 GeV. Such emission could contribute to possible high-energy tails of the Fermi GeV excess (Petrović et al. 2015; Yuan & Ioka 2015) .
Various other mechanisms have been proposed to account for or contribute to the Fermi GeV excess, and hence the gamma-ray emission from the Galactic bulge. Interestingly, the properties of the observed emission are compatible with a signal from the self-annihilation of dark matter particles in the dark matter halo of the Galaxy, see e.g. Calore et al. (2015b) and references therein. Other astrophysical scenarios that were discussed are leptonic outbursts of the supermassive black hole during an active past of the Galactic center (Carlson & Profumo 2014; Petrovic et al. 2014; Cholis et al. 2015) and star formation activity in the central molecular zone (Gaggero et al. 2015; Carlson et al. 2015) . However, a generic feature of models that explain the excess with inverse Compton emission of energetic leptons is that the excess spectrum should vary with distance from the Galactic center, which is not observed in the analysis of Calore et al. (2015b) . Also, the observed excess morphology can only be accounted for with multiple finely tuned injection events (see Cholis et al. (2015) for details).
Recently, Bartels et al. (2015) and Lee et al. (2016) found an enhanced clustering of gamma-ray photons from the inner Galaxy, and showed that the most likely cause is contributions from a population of sources just below the detection threshold of Fermi. Furthermore, Bartels et al. (2015) showed that the inferred surface density and cutoff luminosity of the sub-threshold sources is compatible with the expectations from a bulge population of MSPs that can potentially account for 100% of the emission associated with the Fermi GeV excess. Significant contributions to the observed photon clustering from a thick-disk population of MSPs, extragalactic or other Galactic sources were ruled out, and un-modelled substructure in the gas emission seemed a rather unlikely cause. These results, together with the hard X-ray emission seen by NuSTAR (Perez et al. 2015) , make the case for a population of MSPs at the Galactic center even stronger, and motivate additional multi-wavelength observation strategies to probe the MSP interpretation of the Fermi GeV excess.
Lastly, it is worth mentioning that the stacked spectral energy distribution of gamma-ray observed young pulsars, P ≥ 30 ms and B ≥ 10 9 G, is also in agreement with the spectral properties of the Fermi GeV excess. O'Leary et al. (2015) argued that a population of young pulsars arising from star formation in the inner Galaxy and the kinematical evolution in the Galactic potential can account for most of the extended excess emission. However, this scenario does not account for the steep observed rise of the Fermi GeV excess towards the inner dozens of pc of the Galactic center (see, e.g., Daylan et al. 2016) , and it seems to lead to an oblate rather than a spherical source distribution in the bulge. In the present work, we will hence assume that MSPs dominate the Fermi GeV excess. We note, however, the radio pulsation searches we investigate would also be at least equally sensitive to young pulsars, in addition to MSPs.
Despite considerable efforts, MSP searches in the Galactic center region have so far been unsuccessful up to now. The main obstacles are the large scatter-broadening of the pulsed signal along the line-of-sight towards the inner Galaxy as well as the large distance to the sources. This prevents the detection of the pulsed radio emission in many cases (Stovall et al. 2013) , because MSPs are in general weak radio sources (with flux densities in the range µJy to mJy). The only MSPs observed in the inner 3 kpc (∼ 20 degrees at a distance of 8.5 kpc away) are MSPs associated with the globular clusters M62, NGC 6440 and NGC 6522, and were found in dedicated deep observations of these targets.
Finding the bulge source population, at mid Galactic latitudes, with multi-wavelength observations is certainly challenging. However, this possibility has never been systematically explored. Previous large radio surveys were shown to be insensitive to MSPs at the Galactic center . Moreover, those same surveys were focused on the very inner few degrees about the Galactic center, while, supported by the diffuse gamma-ray emission, we expect the bulge MSP population to extend to latitudes of about ±15
• .
In this paper, we analyze the prospects for the detection of a bulge MSP population (as suggested by the Fermi GeV excess) via searches for radio pulsations. One of the most detailed descriptions of the Fermi GeV excess at |b| > 2
• latitudes was presented by Calore et al. (2015b) , and we will base our modeling on these results. We discuss various radio survey strategies that could unveil the bulge MSP population with existing and future instruments. To this end, we will use observations of globular clusters as well as high-latitude gamma-ray MSPs and unassociated Fermi sources to calibrate our predictions.
The paper is organized as follows: In Sec. 2, we describe the modeling we adopt for the bulge MSP population, as motivated by the observation of the GeV excess, and its radio luminosity function. In Sec. 3, we estimate the sensitivity of current and future radio instruments to MSP detection. We present our results for large area radio surveys in Sec. 4. In Sec. 5, we study the possibility to detect the bulge sources in deep targeted observations, by exploiting an observed loose correlation between gamma-ray and radio fluxes. We discuss various additional aspects and caveats of our results in Sec. 6, where we also briefly comment on the possibility to use X-rays to probe the bulge MSP population. We conclude in Sec. 7.
In the Appendix we furthermore investigate the MSPcandidates identified by Bartels et al. (2015) as significant wavelet peaks in gamma-ray data from the inner Galaxy. In particular, we look for a possible correlation of wavelets peaks with foreground sources, i.e. MSPs or young pulsars along the line-of-sight but closer to us than bulge MSPs. Finally, we provide a multi-wavelength analysis of the 13 MSP candidates from Bartels et al. (2015) .
MODELING THE BULGE MSP POPULATION
We start by constructing a phenomenological model for the radio emission properties of the bulge MSP population as a whole. The aim is to obtain a reliable estimate for the surface density of radio-bright MSPs in the Galactic bulge. To this end, we define as radio-bright any MSP that has a period-averaged flux density of at least 10 µJy at 1.4 GHz. This is rather low compared to values that are conventionally used in the literature, but will turn out to be appropriate for the discussion in this work and is motivated by the sensitivities of currently available radio telescopes.
We assume that bulge MSPs are responsible for the dominant part of the Fermi GeV excess (hence the dominant part of the Galactic bulge emission), and we will below adopt a spatial distribution that is consistent with Fermi -LAT observations. We adopt here a phenomenological approach to the problem: We do not pretend to model fully the dynamics and evolution of the Galactic bulge, but we assume the spatial distribution required to explain the Fermi GeV excess data. Once the spatial distribution is fixed, however, estimating the number of radio-bright MSPs in the bulge from diffuse gammaray observations is rather challenging at first sight. One would expect that it requires accurate information about both the gamma-ray and radio luminosity functions and a detailed understanding of beaming effects. However, the discussion greatly simplifies for the specific goals of this paper, as we shall see next.
In most of the current paper we are interested in the combined gamma-ray emission of many bulge MSPs (averaged over regions of, say, 1 deg 2 ). This is what we can actually most readily determine with Fermi -LAT observations, in contrast to the much harder to detect gammaray emission of individual bulge sources. Details of the gamma-ray luminosity function, and the potential correlation of gamma-ray with radio emission on a sourceby-source basis, are not directly relevant when studying the average emission properties of MSPs in the Galactic bulge. They will only become relevant when discussing targeted observations in Sec. 5 below.
For our predictions, we need for a given random sample of N tot MSPs at the distance of the Galactic bulge: (A) An estimate for the number of radio-bright MSPs in that population, N rb .
(B) An estimate for their combined gamma-ray emission, L γ .
Since our predictions for the number of radio-bright MSPs in the bulge will only depend on the ratio N rb /L γ , the total number N tot will drop out.
The predictions in this paper rely on two critical assumptions.
1. We will assume that both, the population of bulge MSPs and of MSPs bound in globular clusters, have similar gamma-ray and radio emission properties. This is justified by the fact that -while the formation of MSPs in globular clusters versus the field may in some cases follow different paths -the fundamental physical processes creating the observed radio pulsations should in all cases be the same. At the same time, globular cluster and field MSPs don't obviously have different age or luminosity distributions (Konar 2010) . Thus, we can use the gamma-ray emission from globular clusters as well as the radio observations of MSPs in globular clusters as a proxy for the population of bulge MSPs.
2. We assume that all of the gamma-ray emission from globular clusters comes from MSPs. If only a fraction f MSP of the gamma-ray emission came from MSPs, this would simply increase the number of radio-bright MSPs in the bulge by a factor of ∝ f −1 MSP with respect to our predictions below. Therefore, this is a conservative assumption.
Lessons from MSPs in globular clusters
To estimate the number of radio-bright sources expected from a population of MSPs located at the GC (A), we will use the radio luminosity function of detected globular clusters (Bagchi et al. 2011 ) and we rescale it to a distance of 8.5 kpc. We will assume their combined gamma-ray luminosity (B) by stacking the measured Fermi gamma-ray fluxes of the globular clusters in our sample. We will use the ratio between the stacked gamma-ray emission from globular clusters and the expected number of radio-bright MSPs (at 8.5 kpc) as a proxy for the relationship between the mean gamma-ray luminosity and the mean number of radio-bright MSPs in the Galactic bulge (see details below). In this way, we will be able to get a robust estimate for the number of radio-bright MSPs in the Galactic bulge.
In Tab. 1, we list the globular clusters that we take into account in the present discussion. This is the subset of objects considered in Bagchi et al. (2011) for which gamma-ray measurements exist. The number of detected radio MSPs in the globular clusters in Tab. 1 is relatively large, ranging from 5 sources in NGC 6752 and M 5 to 25 sources in Terzan 5 (note that actually 33 MSPs, with (Keith et al. 2010) as well as the reference GBT survey, 0.03 mJy (discussed in Sec. 3). The plot illustrates that a survey that is significantly deeper than that with Parkes would start probing the radio luminosity function in a regime that is well supported by data. Predictions for radio-bright bulge MSPs (S1400 ≥ 10 µJy) are built upon 43 measured globular cluster MSPs. P < 30 ms, are known in Terzan 5, but only 25 were taken into account in the study of Bagchi et al. 2011) . We note that Terzan 5 and NGC 6440 are the most luminous gamma-ray emitters, and we discuss their role for our results below.
The total number of radio MSPs, N rad , in each globular cluster can be estimated by a fit of a given radio luminosity function (with free normalization but fixed shape) to the globular cluster MSPs that are individually detected in radio. The radio luminosity function of globular cluster MSPs was studied in great detail by Bagchi et al. (2011) , using Monte Carlo techniques that account for the finite observation depths.
4 They found that the cumulative radio luminosity function of MSPs in globular clusters is similar to the luminosity function of young and recycled pulsars in the disk as derived by FaucherGiguère & Kaspi (2006) .
We will here adopt the best-fit model from Bagchi et al. (2011) (their 'Model 3') as a reference for the radio luminosity function. In Sec. 6, we will comment on how our results depend on that choice. The luminosity function follows parametrically a log-normal distribution,
with mean µ = −0.52 and variance σ = 0.68, and L ν refers to the 'pseudo-luminosity' at ν = 1.4 GHz (mJy kpc 2 ). The pseudo-luminosity is related to the measured flux density S ν of a source by L ν = S ν d 2 , where d denotes the distance to the source. It is used , the number of observed radio MSPs relevant to this work (N obs ), and the estimated total number of radio MSPs (N rad ), based on our reference radio luminosity function. Furthermore, in the last row, we show the stacked gamma-ray luminosity (L stacked γ ) and the estimated number of radio MSPs (N stacked rad ). If not otherwise stated, parameters are taken from Bagchi et al. (2011) , Model 3. Note that N obs refers to the number of observed MSPs with quoted flux density that were used in Bagchi et al. (2011) to infer the radio luminosity function. ) in the stacked globular clusters from Tab. 1, as inferred from the observed MSPs using three different luminosity functions (Bagchi et al. 2011 , their models 1-3). The reference luminosity function used in most of this paper is Model 3. We assume the MSPs are at a distance of 8.5 kpc (i.e. at the Galactic center) in order to determine whether they are radio-bright. We find that, while the estimated total number of radio MSPs in the stacked globular clusters depends on the rather uncertain low-luminosity tail of the radio luminosity function, the estimated number of MSPs that we would qualify as radio-bright remains consistent within the error bars, for all the three models.
because the beaming angle of the radio emission is unknown. Note that the above radio luminosity function has a high-luminosity tail that predicts sources brighter than the brightest MSPs detected so far in globular clusters (where the distance is relatively well known). In order not to unrealistically bias our prediction towards excessively bright sources, we truncate the radio luminosity function to a maximum pseudo-luminosity of 30 mJy kpc 2 . Such a pseudo-luminosity corresponds to the maximum flux density, 0.4 mJy, observed in stacked globular clusters rescaled to a distance of 8.5 kpc, cf. Fig. 1 .
5
Based on the radio luminosity function in Eq. (1), the number of radio MSPs in each globular cluster was inferred by Bagchi et al. (2011) . The results, together with 1σ error bars from the fits, are listed in Tab. 1. In this table, we also show the total number of radio MSPs in all considered globular clusters combined. It is N stacked rad = 264 ± 37 (with errors summed in quadrature). We note that the total number of MSPs in the globular clusters is definitively larger, since not all MSPs are expected to have a radio beam pointing towards the Earth (although the beams are arguably wide in the case of MSPs); this, however, is not relevant for our discussion. 5 We also point out that there are only a handful of MSPs in the ATNF catalog that have pseudo-luminosity at 1.4GHz higher than 30 mJy kpc 2 . These have pseudo-luminosities of about 50 − 60 mJy kpc 2 , with one exceptional source at B1820-30A at 100 mJy kpc 2 .
It is reassuring that, for a bulge population of MSPs, measuring flux densities below 0.1 mJy (at 1.4 GHz) is enough to start probing the parts of the radio luminosity function that are directly supported by observations (rather than by an extrapolation beyond the brightest observed MSP). To illustrate this point, we rescale the flux densities of MSPs observed in the globular clusters from Tab. 1 to the distance of the Galactic center, for which we here adopt 8.5 kpc (consistent with Gillessen et al. 2009 ). We show the resulting complementary cumulative distribution function of these flux densities in Fig. 1 . In this figure, we also indicate for comparison the maximum sensitivity of our reference Parkes and GBT observations from Tab. 3, which we will discuss in detail below.
Lastly, in Tab. 2, we indicate the number of radiobright MSPs in the stacked globular clusters, assuming that they are at a distance of 8.5 kpc.
6 To this end, we use our above reference luminosity function normalized to the number of radio pulsars as indicated in Tab. 1, but we also show results for the two other luminosity functions from Bagchi et al. (2011) which reasonably bracket the uncertainties implied by the observed MSPs (see their Fig. 3 ). We find that, although the total number of radio MSPs (which is just obtained by integrating the appropriately normalized radio luminosity function to the lowest luminosities) is uncertain by at least a factor of a few, the number of radio-bright MSPs is much better constrained, since it has direct observational support. Indeed, this is also apparent from Fig. 1 above.
The total gamma-ray luminosity from all considered globular clusters combined is L stacked γ = (7.71 ± 1.23) × 10 35 erg s −1 , where the error refers to Fermi flux measurement errors that are added in quadrature. The stacked luminosity is dominated by Terzan 5 and NGC 6440, and we refer to Sec. 6 for further discussions about the effect of individual globular clusters on our results. Following Abdo et al. (2013) , we define gamma-ray luminosity as L γ = 4πd 2 G 100 , where G 100 is referring to the energy flux measured by Fermi -LAT above 100 MeV.
Gamma-ray luminosity functions have in general very non-Gaussian tails, and one might worry that the sam-ple variance of the combined gamma-ray emission of the six globular clusters is excessively large. We estimate the sample variance of this summed gamma-ray luminosity in a simple toy scenario. To this end, and only for the purpose estimating the variance, we assume that the summed gamma-ray emission of the globular clusters is caused by about 250 MSPs that are randomly drawn from a power-law gamma-ray luminosity function with hard lower and upper cutoffs at 10 32 erg s −1 and 10 35 erg s −1 , respectively. The upper cutoff is selected to be compatible with the brightest observed MSPs, the lower cutoff is adjusted such that 250 sources yield the combined total luminosity. The index of the luminosity function is fixed to −1.5 (see discussions in Strong 2007; Venter et al. 2014; Petrović et al. 2015; Cholis et al. 2014 ). We find a mean total luminosity of 7.9 × 10 35 erg s −1 , comparable to the above value for L stacked γ , and the standard deviation of the total luminosity over many samples is 1.5 × 10 35 erg s −1 . This implies that L stacked γ can be considered as a reasonable estimate for the population averaged gamma-ray luminosity, with a sample variance uncertainty of about 20%. Indeed, this is larger than the 6% that would be expected from shot noise alone for a population with an average number of 250 sources. We will adopt the 20% here as estimate for the sample variance, but we stress that the precise value depends on the not well-constrained details of the gamma-ray luminosity function at high luminosities.
We now calculate the ratio between the overall gammaray emission from globular clusters and the number of radio-bright MSPs (assuming 8.5 kpc distance), taking into account uncertainties in the number of total radio MSPs, Fermi flux measurements and sample variance. We will subsequently assume that this ratio provides the relationship between the mean gamma-ray luminosity L bulge γ and the mean number of radio-bright MSPs N bulge rb in the Galactic bulge. It is given by
(2) We emphasize that the value of R γ rb does not provide a robust estimate for the average gamma-ray luminosity of radio-bright MSPs, since not every gamma-ray emitting MSP must be bright in radio or vice versa. But it provides a reasonable relation between the overall gammaray luminosity of a large population of MSPs and the number of radio-bright sources in that same population at Galactic center distances.
The errors that we quote for R γ rb do not directly take account the effect of varying the radio luminosity function. However, as we discussed above, and showed in Tab. 2, the systematic uncertainties related to the adopted luminosity function are smaller than the statistical error from fitting the luminosity function to the globular cluster observations. Given this, and the various other uncertainties that enter the estimate in (2), these variations can be neglected.
As we will see, the spin period is critical for the detectability of MSPs. The analysis of the spin period distribution of field MSPs by Lorimer et al. (2015) finds a modified log-normal distribution. The mean is P mean 5.3 ms and hence in good agreement with the mean of the observed periods of MSPs in globular clusters (P mean 5.7 ms) (Konar 2010 ). We will use here the results from Lorimer et al. (2015) as reference.
Predicted radio-bright MSPs in the Galactic bulge
Following the results of the gamma-ray analysis by Calore et al. (2015b) , we assume that the density of field MSPs in the Galactic bulge follows an inverse powerlaw as function of the Galacto-centric distance r, with an index of Γ = 2.56. For definiteness, we adopt a hard cutoff at r = 3 kpc, which is not critical for our results. We fix the normalization of the combined (and population averaged) gamma-ray intensity of this bulge population in the pivot direction ( , b) = (0 • , ±5 • ). In this direction, and for a reference energy of E γ = 2 GeV, the differential intensity of the proposed bulge MSP population is given by Φ = (8.5 ± 0.7) × 10 Calore et al. 2015b) . We remark that the quoted gamma-ray intensity is not the total intensity of the excess emission (which is to some degree ill-defined, given the large uncertainties in the Galactic diffuse foregrounds), but the fraction that can be reasonably attributed to MSP-like spectra after accounting for foreground subtraction systematics (for details see Calore et al. 2015b) .
We assume that the energy spectrum of the combined gamma-ray emission of bulge MSPs follows the stacked MSP spectrum inferred by McCann (2015) from 39 nearby sources. As mentioned in the introduction, this spectrum is in good agreement with the spectrum of the Fermi GeV excess as derived by Calore et al. (2015b) . The above differential intensity at 2 GeV corresponds then to an energy intensity (above 100 MeV) of (5.5 ± 0.5) × 10 −12 erg cm −2 s −1 deg −2 . Using the ratio R γ rb as estimated in the previous subsection, this implies a surface density of radio-bright bulge MSPs at 5 deg above and below the Galactic center of around (4.7 ± 1.5) deg −2 .
With the above assumptions, we find a total gammaray luminosity of the MSP bulge population of
We note that variations of the spatial index Γ by ±0.2, which is the 1σ range found in Calore et al. (2015b) , would affect the total gamma-ray luminosity by up to 40%. However, we do not propagate this additional uncertainty through the analysis, because most of our conclusions will depend on the emission around the abovementioned pivot directions, which makes them relatively independent on the exact value of Γ. Using the ratio R γ rb as estimated in the previous subsection, we obtain an estimate for the number of radiobright MSPs in the Galactic bulge,
As discussed above in context of Tab. 2, the number of radio-bright sources is relatively weakly dependent on the adopted radio luminosity function. However, when simulating sources in the Galactic bulge, we actually need the number of all radio MSPs. We will in the remaining part of the paper adopt 'Model 3', for which we find a . Predicted spatial distribution of MSPs in the bulge (grey dots) and the disk (blue dots), modeled based on gamma-ray and radio data as we describe in the text. For comparison, we also show the position of measured radio pulsars with P < 30 ms from the Australia Telescope National Facility (ATNF) catalog, both sources in the field (red crosses) and MSPs in globular clusters (yellow stars). We also show gamma-ray detected field MSPs (black circles). Distance estimates for these sources are based on the NE2001 model (Cordes & Lazio 2002) , except for globular clusters were distances are better known and taken from the ATNF. We show projections both in the x-y (upper panel) and the x-z plane (lower panel), and mark the position of the Earth (in our convention at z=y=0 and x=-8.5 kpc). In the lower panel, we only show a thin slice with |y| < 0.3 kpc in order to better visualize the increased source densities in the inner Galaxy.
total number of radio MSPs of N bulge rad = (9.2±3.1)×10 3 . About 1/3 of the radio MSPs are thus radio-bright, i.e. ≥ 10 µJy.
Comparison with the MSP thick-disk population
We illustrate the putative bulge population of radio MSPs in Fig. 2 . There, we show the distribution of bulge radio MSPs in Galacto-centric Cartesian coordinates, both in x-z and x-y projection, and compare it with the actually observed MSPs and with a thick-disk MSP population (Faucher-Giguère & Loeb 2010). We assume that the population of thick-disk MSPs has a cylindrical symmetry with an exponential distribution, and with a scale radius of 5 kpc (Faucher-Giguère & Loeb 2010) and a scale height of 0.5 kpc (Calore et al. 2014; Lorimer et al. 2015) . Following Levin et al. (2013) , we attribute 20000 radio MSPs to the disk. We note that in this way we will somewhat over-predict the number of pulsars detectable with the Parkes HTRU (as discussed below in Sec. 6). This is, however, not critical for our results, since having a smaller number of thick-disk sources would make the bulge component even more pronounced. Analogously to the bulge MSP population, the radio luminosity function of disk MSPs is modeled according to our reference radio luminosity function. From Fig. 2 it is very clear that the observed spatial distribution of known MSPs is almost exclusively driven by selection effects that limit the maximum distance to which they can be found, and should obviously not be used as a proxy for the real distribution of MSPs in the Galaxy.
Lastly, the implied surface density of radio-bright bulge MSPs is shown in Fig. 3 
• ) it is consistent with our above simple estimate (although we now take into account the varying distance to the bulge sources that can be slightly closer or further away than 8.5 kpc depending on their position). Otherwise, it ranges from > 300 sources deg −2 around the Galactic center to just a hand full of sources deg −2 a few degrees away from the Galactic center.
SENSITIVITY OF RADIO TELESCOPES
Here, we summarize briefly how we estimate the sensitivity of radio pulsation searches.
Radiometer equation
From the radiometer equation (see e.g. Dewey et al. 1984) , the RMS uncertainty of the flux density (in mJy) is given by
where T sys = T sky + T rx is the system temperature (K) given by the sum of sky and receiver temperatures, G (Haslam et al. 1982) . The strong emission in the Galactic disk and Galactic center increases the background noise for MSP searches in these regions by a factor of a few. Note that point sources are not removed and affect our results close to the Galactic center. is the telescope gain (K/Jy), n p is the number of polarizations, ∆ν is the frequency bandwidth (MHz), and t obs is the integration time (s). The sky temperature is a function of Galactic longitude and latitude. For any given line-of-sight we compute the corresponding sky temperature from the Haslam 408 MHz all-sky radio maps (Haslam et al. 1982) , assuming a power-law rescaling to the frequency of interest with index −2.6 (Lawson et al. 1987) . In Fig. 4 , we show the contours of constant T sky for a 20
• × 20
• region around the Galactic center at 1.4 GHz. As for the gain, the sensitivity calculations here assume an effective estimate that accounts for the fact that the gain decreases by a factor of two towards the FWHM edge of the telescope beam. This effect should be taken into account when planning actual surveys.
A reliable, blind pulsar detection requires a signal flux density S ν ≥ 10 × S ν,rms . In order to detect the pulsations, the observed (or effective) pulse width, W obs (ms), should be small with respect to the source period, P (ms). The observed pulse width can be estimated as (e.g. Hessels et al. (2007) ):
where w int ∼ 0.1 is the intrinsic fractional pulse width typical for MSPs, τ DM is the dispersive smearing across an individual frequency channel that depends on the dispersion measure (DM) of the source, τ scatt is the temporal smearing due to multi-path propagation from scattering in a non-uniform and ionized interstellar medium, τ samp corresponds to the data sampling interval, and τ ∆DM is the smearing due to finite DM step size in the search. We note that typically intra-channel smearing, τ DM , can be mostly ignored, as long as one assumes that the data is taken with a high-enough frequency resolution. Here, we model the intra-channel smearing as τ DM is related to the DM, τ DM = 8.3 × 10 6 DM ∆ν chan /ν 3 , where ∆ν chan is the channel bandwidth, i.e. the total bandwidth divided by the number of channels (Hessels et al. 2007 ). Throughout, we also neglect τ ∆DM , since sufficiently small DM step sizes can make this contribution small as well. The only limitation comes then from the computing resources that are available for the problem (besides of course temporal smearing).
The dispersion measure, DM, which enters in the definition of both τ DM and τ scatt , for any given line-of-sight and distance of the source is computed using the CordesLazio model for free-electron density in the Galaxy, NE2001 (Cordes & Lazio 2002) . 7 In Fig. 5 , we show the latitude profile of the DM, as derived from Cordes & Lazio (2002) , for = 0
• and for different distances of the source from the Galactic center. The scattering time is modeled according to Bhat et al. (2004) . We adopt a log-normal distribution with mean µ = log 10 τ scatt , and a variance σ = 0.8 is assumed to account for the large uncertainty affecting τ scatt . Indeed, while DM just depends on the column density of free electrons, the amount of scattering depends on how these electrons are distributed along the line-of-sight. Note that, typically, temporal scattering has the effect of smearing out the radio pulsations of almost all MSPs within a degree of the Galactic disk to the point of undetectability -for the assumed observing frequency of 1.4 GHz. Unlike dispersive broadening, it is not possible to correct the measurement for scattering broadening, which is thus a fundamental limit for detection.
We note that, since most MSPs are found in binary systems, the effect of Doppler smearing due to orbital motion also has a significant impact on the ability to blindly detect new pulsars. This is particularly true for the shortest (a few hour) orbital periods and most massive companions (Ransom 2001).
Instrumental parameters
In the present work, we provide the predicted yields of bulge MSPs for three observational scenarios based on the performances of currently operating and upcoming radio telescopes: GBT, MeerKAT and SKA-mid. As Table 1 of the SKA Baseline Design report. We quote the survey central observing frequency, ν; effective bandwidth, ∆ν; sampling time, tsamp; channel bandwidth, ∆ν chan ; receiver temperature, Trx; gain of the whole array G; maximum baseline used (where applicable), 'Max. Base. Used'; the effective gain of the sub-array that can be used for wide-field pulsar surveys, 'Eff. G sub-array'; the beam-width of the elements in the array, 'Ele. θ FWHM '; the field of view of the array elements, 'Ele. FoV'; the beam-width of the synthesized beam, Beam θ FWHM ; the field of view of the synthesized beam, 'Beam FoV'; the number of beams recorded per pointing, '# Beams'; and the effective field of view per pointing, 'Eff. FoV'. Next we give the integration time per pointing, the time required to cover 108 deg 2 of sky, and the total expected yield of bulge and foreground MSPs from a region of that size. The target region is here defined as (| | < 5 • and 3
a reference, and for comparison with past results, we choose to present results for surveys at 1.4 GHz. This turns out to be close to optimal in many cases, and we discuss how our sensitivity predictions change at higher and lower frequencies in Sec. 6. In Tab. 3, we quote the parameters used for each instrument. Parameters for the GBT are based on the GUPPI back-end and taken from the Proposer's Guide for the GBT.
8 Sensitivities for the future MeerKAT and SKA-mid are based on the SKA Phase 1 System Baseline Design report.
9 We implement the performances of the MeerKAT and of the SKA-mid (350-3050 MHz) Antenna Array configuration. The quoted antenna gain in Tab. 3 (G = T sys /SEFD) is derived from the system-equivalent flux density (SEFD) assuming a receiver temperature of 25 K (for the specific purpose of deriving the antenna gain from published results we here neglect the sky temperature, however we do fully account for it when deriving the sensitivity predictions.) For other parameters entering in Eq. 6, such as the number of channels and the sampling interval, we refer to the corresponding values quoted for each telescope in the references provided above. As for GBT, we use a sampling time of 41 µs and 2048 channels. We emphasize that our estimates for MeerKAT and SKAmid are only of indicative value, and should be updated once these telescopes are operational and accurate telescope performance parameters are known. Furthermore, the amount of data that can be collected with these instruments in a short time is enormous, and the likely bottleneck for pulsar searches will be the available computer processing resources for exploring the full telescope field-of-view and relevant astrophysical parameter space. Since not all data can be stored and analyzed offline, our estimated observation times for MeerKAT and SKAmid are almost certainly too optimistic, probably by a factor of a few. In the same way, we assume that the entire arrays are used in the search. However, when doing the measurement only a limited baseline (and hence only a subset of the full array) should be used in order to increase the size of the synthesized beam which then decreases the computation time.
In Tab. 3 we also show the parameters for the HTRU survey performed recently with the 13-beam Multibeam receiver on the Parkes radio telescope at 1.4 GHz (Keith et al. 2010) . This is the most recent and relevant large area survey of the southern sky, performed at high latitudes (from the Galactic plane up to b = ±15
• ). In what follows, we adopt the HTRU mid-latitude survey as a reference to check the consistency of our results with previous surveys.
In Tab. 3 we also quote other relevant parameters for the present analysis, as, for example, the adopted per pointing observation dwell times, along with the corresponding total time needed to cover a 108 deg 2 area of sky. We here assume that beams are non-overlapping. These effects need to be taken into account when setting up an actual observation strategy, and will increase the required observation time for a given field by a factor of less than two.
RESULTS FOR LARGE AREA SEARCHES
In this section, we will first discuss prospects for current and future radio telescopes to detect bulge MSPs in large area surveys (meaning several square degrees of sky), and then quantify the number of MSP detections that would be required to unambiguously confirm the existence of a bulge population in addition to the observed thick-disk population of MSPs. Figure 6 . We show the simulated bulge population of MSPs, modeled from gamma-ray observations as described in the text, both in the period vs. flux density plane (top panel), and in the dispersion measure vs. scattering time plane (bottom panel). Grey dots denote the entire MSP bulge population. The colored dots show which of these sources would be detectable with the various observational scenarios that are described in Tab. 3. Namely, yellow points correspond to sources that will be detectable by GBT, MeerKAT and SKA-mid, red points to sources detectable by MeerKAT and SKA-mid, and blue points to sources detectable only by SKA-mid. The dashed black line in the upper panel corresponds to the minimum flux sensitivity of the Parkes HTRU mid-latitude survey at a reference value of DM = 300 pc cm −3 , and rescaled for the 10% duty cycle we adopt in the present work. In the bottom panel, we show also the average relation from Bhat et al. (2004) as dashed black line. The visible structures correspond to specific sky regions with very large DM, see Fig. 5 .
4.1. General reach of current and future radio surveys For each simulated MSP in the bulge, modeled according to Sec. 2, we compute the corresponding 10σ detection sensitivity flux, following Eqs. 5 and 6 for the observation scenarios in Tab. 3. In Fig. 6 (top panel) , we show the distribution of all bulge MSPs in the flux density (at 1.4 GHz) versus period plane. As mentioned above, the adopted period distribution (Lorimer et al. 2015) has a mean of 5.3 ms. We note that this value is slightly higher than what is typically adopted as mean MSP period, P ∼ 3 ms.
Assuming a lower mean spin period would somewhat reduce our estimates since finding fast-spinners is harder due to scattering and Doppler smearing in binaries. However, since the threshold sensitivities in the top panel of Fig. 6 depend only mildly on the spin period, we do not expect a large effect.
We simulate sources with period between 0.4 and 40 ms. The corresponding radio fluxes at 1.4 GHz span from about 10 −5 mJy up to about 0.9 mJy (we note that the lower flux limit is a consequence of the adopted luminosity function and observationally neither relevant nor well constrained). However, not all the sources with high flux densities can be detected for our three reference scenarios. Colored dots show which of the sources would be detected by our assumed measurements with GBT, MeerKAT and SKA-mid with 10σ significance. The GBT will be able to detect sources down to about 0.03 mJy and periods in the range 1 ms ≤ P ≤ 40 ms. MeerKAT and SKA-mid, instead, will probe radio fluxes as low as 0.03 mJy and 0.01 mJy respectively, in the full period range of the population above 0.8 ms. We also overlay the sensitivity of the currently most sensitive survey covering the relevant sky area, the Parkes HTRU mid-latitude survey (assuming DM = 300 pc cm −3 ). No source lies above this line, showing that such a survey is not quite yet sensitive to detect the bulge MSPs, however it is evident that it starts to scratch the high-luminosity tail of this population. On the other hand, it is clear that there will be a progressive improvement in the number of sources detectable by the three telescopes we consider. Already with GBT the gain in sensitivity would result in hundreds of sources being above threshold with only 20 minutes integration time per sky position (although the total time to survey a large enough region of the sky still remains very large, as we will see below).
The bottom panel of Fig. 6 clarifies what is the distribution of DM for the simulated bulge population and the corresponding scattering time, τ scatt . Most of the sources have DM in the range 100-800 pc cm −3 . The sharp, and dense, features at around 800 pc cm −3 and 1800 pc cm
correspond to regions very close to the Galactic center and are due to discrete "clumps" of enhanced free electron density that are included in the NE2001 model (see Tables 5 -7 in Cordes & Lazio (2002) ; these are also visible in Fig. 5 ). The scattering times follow as expected the trend of the adopted reference model from Bhat et al. (2004) , with a significant scatter. In general, scattering times larger than 5-10 ms prevent the sources to be detected and the limiting factor in Eq. 6 is indeed τ scatt . For scattering times smaller than 5-10 ms, instead, a source might be detected or not depending on its spin period. The GBT and MeerKAT can detect most sources with DM up to 550 pc cm −3 , while none with DM ∼ 600-800 pc cm −3 . On the other hand, SKA-mid will be able to detect MSPs that suffer from larger scattering, up to about 800 pc cm −3 . In particular, we can see that with SKA-mid we will be able to detect a few sources with high DM (∼ 600-800 pc cm −3 ) and in the few inner degrees of the Galactic center, namely the inner 2
• × 2
• degrees. In general, SKA can probe more sources because of the higher sensitivity. Since the luminosities are uncorrelated with spin period and other parameters, it can pick out the sources that have high DM but luckily have anomalously low scattering. Moreover, the central observing frequency of SKA (assumed here) is 1.67 GHz, which is slightly higher than GBT and MeerKAT. Given the strong frequency dependence of the scattering time, it reduces temporal scattering by a factor of around two.
Optimal target regions
We now investigate what are the detection prospects for large-area surveys performed with the three instrumental reference scenarios (namely with GBT, MeerKAT and SKA-mid configurations). For each instrument we show, in the top panels of Figs. 7-9, the number of bulge MSPs that can be detected with 10σ significance and the corresponding number of detectable disk MSPs in parenthesis (as modeled in Sec. 2). We analyze a region in the inner Galaxy defined by | | < 9
• and |b| < 9
• , and we split it in squared subregions of size 2
• × 2 • . Integration times per pointing and central observing frequencies are as shown in Tab. 3.
An alternative way to visualize the prospects for detection of the bulge population above the disk population is to plot in the x-z plane the sources detectable along the lines of sight towards the inner Galaxy. Emphasizing sources detectable from these directions helps in understanding (a) what is the contamination from foreground disk sources and (b) how deep towards the Galactic center we can probe the bulge population. In the bottom panels of Figs. 7-9, we show the spatial distribution of the simulated bulge and disk MSPs in the x-z plane and we highlight the sources that can be detected in the region | | < 2
• and |b| < 20
• (which corresponds to the inner Galaxy region analyzed by Calore et al. (2015b) ).
In Figs. 7, 8, and 9 we show the number of detectable sources with GBT, MeerKAT and SKA-mid, respectively, for 20 min observation dwell time per pointing. For the GBT scenario the number of detectable bulge MSPs is always lower than 2 for each sky subregion and depending on the subregion, the number of detectable disk MSPs is comparable. On the other hand, in the case of MeerKAT and even more for SKA-mid, there is an optimal search region, which is a few degrees south of the Galactic center, at approximately | | ≤ 1
• and −5
• ≤ b ≤ −3
• , where the number of detectable bulge MSPs is the largest. While for MeerKAT the number of bulge MSPs in such an optimal spot is still comparable with the number of foreground thick-disk MSPs, in the case of SKA-mid (for which the optimal target region slightly shifts towards lower latitudes, | | ≤ 1
• and −3
• ≤ b ≤ −1 • ) the number of detectable bulge sources is as high as 12 per 4 deg 2 and the corresponding detectable disk MSPs are always about half of the number of bulge MSPs detectable in the same subregion.
Typically, the suppression of the number of detectable sources along the Galactic disk comes from strong scattering effects discussed in Sec. 3. We will discuss the advantage (against scattering effects) of using higher frequency surveys in Sec. 6. While from the bottom panels of Figs. 7 and 8 it is evident that, for the GBT, the bulge MSPs that lie truly at the Galactic center and along the Galactic disk remain hard to identify for those two scenarios, the predictions improve with SKA-mid.
From the bottom panel of Fig. 9 , indeed, we can see how the detectability of bulge MSPs from the very central region of the bulge is less affected by pulse broadening and the contamination along directions towards the inner Galaxy is lower. Interestingly, SKA-mid will be able to probe sources residing in the innermost degree, | | ≤ 1
• and |b| ≤ 1 • (those same sources are the ones highlighted in Fig. 6 ; note that Fig. 9 shows average values). These sources happen to have a very low scattering broadening, which is in our case possible even in the inner Galaxy, since we adopt a large variance in the scattering time of individual sources. The bottom panel of Fig. 9 clearly demonstrates the detection power of SKA-mid. While the number of detectable thick-disk MSPs remains limited to a few objects (simply because the density of thick-disk sources is relatively small), the number of bulge MSPs that can be observed is very large.
For GBT, observations of sky areas as large as 4 deg 2 are mainly limited by the small size of the telescope beam at high frequencies and to cover a 2
• region of sky with the GBT at 1.4 GHz, a total observation time of about 83 hours is required. This makes the survey of larger areas unfeasible, and in any case it would lead to a maximum of 2 detections per 4 deg 2 . The much larger field-of-view of MeerKAT, with respect to the GBT beam size, allows to survey the same 4 deg 2 area in a much shorter time, i.e. about 2.5 hours. Analogously, for SKAmid about 3.5 hours are required to survey the region. This might enable ∼ 100-hour-long surveys that can scan sky areas about 40 times larger than our 4 deg 2 subregion and thus probe ∼ 100 bulge MSPs (in the most promising sky regions).
As mentioned above, limiting factors like a reduced maximum baseline and limited computation power will likely increase the required observation times by a factor of two or more.
To understand the interplay among area surveyed, total integration time and predicted number of detectable bulge MSPs (and foreground thick-disk MSPs), in Tab. 3 we quote the number of bulge and foreground thick-disk MSPs that would be detectable by the GBT, MeerKAT and SKA-mid for a large-area survey of 108 deg 2 and 20 minutes of dwell time per pointing. The chosen largearea survey is defined by the 27 4 deg 2 sky areas that have a large yield of detectable sources (larger than 6) for the SKA-mid scenario. This region corresponds to (| | < 5
• and 3
. It is evident that GBT and MeerKAT might lead to comparable numbers of detected MSPs from the bulge (∼ 30 − 40 sources). Analogously, for both observational scenarios the number of detectable thick-disk MSPs is comparable with the bulge ones and thus this is not really a promising strategy, given the strong contamination from disk sources. Moreover, the time needed for GBT to survey a 108 deg 2 area is about 30 times larger than the total time required for the same survey with MeeKAT. In this respect, large-area surveys will not be feasible with the GBT but might be promising with MeerKAT. SKA-mid clearly improves those predictions: It allows a discrimination between bulge and thick-disk MSPs in a reasonable total integration time (92 hours). A large-area survey with time per pointing of about 20 minutes can thus be an optimal strategy for SKA-mid to identify bulge MSPs.
In conclusion, prospects for large-area surveys are extremely good for upcoming radio telescopes, albeit they are less promising for current observations through the GBT. With GBT the main limitation is represented by the very large integration time required to survey a small sky area, and the relatively low number of detectable bulge and disk sources, which would make it harder to disentangle the two populations. On the other hand, with MeerKAT and later with SKA-mid the smaller required total integration time, together with the higher sensitivity, will allow to quickly probe large areas and detect a very significant fraction of the MSP bulge population. In Fig. 10 , we show a histogram of the distances of all MSPs that would be detected by our MeerKAT reference survey in eight 4 deg 2 subregions below and above the Galactic center, | | < 2
Discrimination of bulge and thick-disk populations
• and 3 • < |b| < 7
• . The adopted survey region is exemplary, and chosen because it provides a good MSP yield (see Fig. 8 ) while at the same time having a relatively low contamination with foreground sources. Furthermore, we concentrate on MeerKAT to obtain conservative estimates. The deeper observations with SKA would only increase the relative number of bulge sources, and simplify a discrimination from foreground MSPs. For the adopted survey and target region, the number of detected bulge sources would be 14.3. The number of detected disk sources in our reference scenario would be 12.2. Already visually it is clear that the distance distributions are very different, with the thick-disk distribution peaking very broadly at 4 kpc, whereas the bulge population has a pronounced peak around 8.5 kpc.
In order to provide a first estimate for the minimum number of bulge MSPs that need to be detected in order to identify the bulge population with a statistical significance of 99.7% confidence level (CL) above the foreground of thick-disk MSPs, we perform a simple statis- be respectively the expectation values for the disk and bulge components as shown in Fig. 10 (i refers to individual distance bins). We consider the "Asimov data set" (Cowan et al. 2011 ) c ). We numerically solve for ζ by requiring that the minustwo log-likelihood ratio −2 ln (L null /L alt ) equals 9. The value that we find is ζ = 0.24, which corresponds to the detection of 2.9 disk and 3.4 bulge sources. Note that we implicitly assume here that the normalization of the disk component can be constrained from other regions of the sky (since we keep ζ fixed when calculating L null ). Indeed, the main reason for the low number of only 3.4 required bulge detections is the low background from the disk at distances around ∼ 8.5 kpc distance. We conclude that the detection of a handful of bulge sources is enough, provided their distances can be estimated accurately enough, to start discriminating the bulge and disk components in a statistically meaningful way. The NE2001 model provides DM-based distance predictions, typically with 25% fractional uncertainty. This will be useful for associating MSP discoveries with a bulge population. Parallax distance measurements (or lower limits) using very-long-baseline radio interferometry (VLBI) could also be used, but for the weakest sources the sensitivity of current VLBI arrays may be insufficient for detection. However, we stress that a robust statistical statement should be ideally based on a physical model for the bulge distribution (which might not necessarily include sources in the inner kpc) and be marginalized appropriately over disk and bulge profile uncertainties, the total number of disk and bulge sources, and include uncertainties in the DM-based distance measure. However, our above estimates suggest that a robust detection of the bulge MSP component should be possible once radio pulsation from the first couple of bulge sources has been observed.
RESULTS FOR TARGETED SEARCHES
Deep searches for radio pulsations towards unassociated Fermi gamma-ray sources have been extremely successful in discovering new MSPs (Grenier & Harding 2015; Abdo et al. 2013; Ray et al. 2012) . This is mostly due to the fact that targeted searches allow deeper observations than time-intensive large area surveys. It is thus natural to assume that the same strategy should also be useful for identifying the bulge population of MSPs. Interesting targets in this case are unassociated Fermi sources in the inner Galaxy, but also potential sources that remained below the Fermi source detection threshold could be valuable targets. Candidates for the latter were recently identified as wavelet peaks in the analysis of Bartels et al. (2015) and as hotspots in the analysis of Lee et al. (2016) . We will from here on refer to all of Figure 11 . Gamma-ray luminosity vs. radio pseudo luminosity at 1.4 GHz, for high-latitude (|b| > 15 • ) MSPs from Abdo et al. (2013) that pass the flux threshold as defined in the figure. We also show the gamma-ray luminosity threshold (Lγ > 5 × 10 33 erg s −1 ) that we use for selecting radio luminosities for luminous gamma-ray MSPs (see text for details).
these potential sources as MSP candidates, and discuss the prospects for identifying their radio pulsation signal. In contrast to the above discussion about large area surveys, the prospects for radio targeted searches depend strongly on the details of gamma-ray and radio beaming. The reason is that the success of deep, targeted, follow-up radio searches hinge on whether gamma-ray bright sources are also bright in radio. Although even a strong gamma-ray/radio correlation would leave our above discussion about prospects for large area surveys completely untouched, it would be very beneficial for targeted searches.
Obviously, not every MSP candidate found in Fermi data will correspond to an MSP. The odds for this depend on the density of MSPs and other sources in the inner Galaxy, the statistical significance of the MSP candidate, its spectrum and its variability. However, we will focus here on the radio detection sensitivity and the effect of a possible gamma-ray/radio correlation. To this end, we will simply assume that all of our MSP candidates correspond in fact to MSPs, and that their localization is known with much better accuracy than the beam size of the GBT.
As an instructive example, we will here use the 13 unassociated 3FGL sources that were identified as MSP candidates in Bartels et al. (2015) , based on their spectrum and the absence of variability. We stress that this does not mean that these sources are necessarily the best targets for follow-up searches. However, their gamma-ray brightness, as well as their positions in the inner Galaxy, have typical values that should be comparable in any list of follow-up targets. Studying the radio sensitivity for targeted observations at the position of these sources is hence indicative for targeted observations of any sources related to the Fermi GeV excess.
5.1. On the gamma-ray radio correlation As a very rough estimate, only bulge MSPs with a luminosity of at least L γ 10 34 erg s −1 will show up as MSP candidates in Fermi -LAT gamma-ray observations (potentially with very low significance). The required luminosities for detection are typically higher (see Petrović Figure 12 . Curvature significance vs. variability index, for all high-latitude sources that pass the flux threshold as indicated in the text and in the figure. We furthermore indicate unassociated sources and MSPs. The horizontal line separates variable from non-variable sources, the vertical line separates sources with a significantly curved spectrum from those whose spectra are power-law like. The full source list and definitions can be found in Acero et al. (2015) .
et al. Abdo et al. 2013; Bartels et al. 2015) , but the exact value does not matter for the following discussion. We will show that for such gamma-ray bright MSPs, also the radio emission is very well above the average, and exploit it when predicting prospects for radio follow-up observations. We emphasize that the adopted estimate depends critically on possible selection effects. In almost all cases, Fermi sources were identified as MSPs by the observation of radio pulsation. This will in general bias a relation that is just based on radio-observed MSPs, since radio-quiet MSPs would be listed as unassociated Fermi sources. We will below conservatively take this effect into account by assuming that all unassociated non-variable high-latitude sources are radio-quiet MSPs.
Roughly 1/3 of the MSPs discovered in Fermi targeted searches have been shown to be in eclipsing "black widow" or "redback" systems (Ray et al. 2012) . While eclipses can lead to MSPs being missed in a survey, we conservatively estimate that this is about a 15% reduction in the potential yield of a wide-field survey -assuming that 30% of the sources are eclipsed 50% of the time. In the following discussion, we will study the gammaray and radio emission properties of MSPs and unassociated sources, based on the sources listed in the Second Pulsar Catalog, 2PC (Abdo et al. 2013) , and in the 3FGL . In order to select bright gamma-ray sources, we adopt a flux threshold that corresponds to L γ = 10 34 erg s −1 at 3 kpc distance. This trivially includes all luminous (namely L γ > 10 34 erg s −1 ) MSPs within 3 kpc distance from the Sun, but also all unassociated sources that could be luminous MSPs in that volume. As a spatial cut, we adopt |b| > 15
• , which practically removes all young pulsars and other disk sources, and leaves only high-latitude sources (predominantly active galactic nuclei).
In Fig. 11 , we show the gamma-ray luminosity and the radio pseudo-luminosity of high-latitude Fermi MSPs from the 2PC (Abdo et al. 2013) . In addition, we also include the MSPs PSR J1816+4510, PSR J1311−3430, PSR J0610−2100, PSR J1903−7051 and PSR J1745+1017, for which we take the gamma-ray fluxes from the 3FGL, and radio fluxes and distance measures from Barr et al. (2013); Camilo et al. (2015) ; Pallanca et al. (2012) ; Ray et al. (2013); Stovall et al. (2014) . Almost all sources with L γ ≥ 5 × 10 33 erg s −1 have radio luminosities above around 0.5 mJy kpc 2 . This is above the median of our reference radio luminosity function (0.3 mJy kpc 2 ). Somewhat contrary to the conventional wisdom that gamma-ray and radio luminosities are truly uncorrelated, this does suggest a loose correlation between these quantities.
10 However, given the low number of sources, little can be said about the nature of the correlation (e.g., whether it is linear in log-log space, or whether it continues to lower luminosities). We will for now take this observation at face value, and comment below in Sec. 6 how the results might change when any correlation is neglected.
In order to estimate how many MSPs that are bright in gamma rays could have remained undetected in radio, we show in Fig. 12 high-latitude MSPs, unassociated and other sources from the 3FGL, as a function of the variability index and the curvature significance (for definitions see Acero et al. 2015) . We only show sources that pass the flux threshold that we discussed above.
11
These parameters provide useful discriminators, and help to separate pulsar-like sources from other sources at high latitudes, such as active galactic nuclei. One can clearly see that MSPs consistently have a low variability index (values below around 80 indicate non-variable sources), and most of them feature a curved spectrum that leads to a large curvature significance. Many of the unassociated sources appear to be non-variable as well, and a few of them feature high curvature significances. On the other hand, most of the remaining bright high-latitude sources are variable, since the dominant fraction of the extragalactic sources is formed by (variable) active galactic nuclei.
If we focus on the indicated region in Fig. 12 with nonvariable sources and high curvature significance (lowerright corner), it is clear that there is only little room for bright gamma-ray MSPs to 'hide' as unassociated sources. The number of MSPs in that region could be at most a fraction ∼ 30% larger with respect to what is already known. These additional MSPs, which would not yet have shown up in radio searches, could be potentially radio quiet, and weaken the above loose gammaray/radio correlation. In order to model the radio luminosity of MSP candidates from Fermi observations in a way that is motivated by actual radio observations, we adopt the following simple strategy. In 60% of the cases, we will draw a random radio luminosity from the nine MSPs in Fig. 11 with a gamma-ray luminosity L γ > 5 × 10 33 erg s −1 , since only such bright sources would appear as MSP candidates associated with the bulge population. In the other 40% of the cases we will assume that radio luminosity is zero, 10 A simple estimate for the p-value for this happening by chance can be obtained as p ∼ 0.5 8 0.004, given that we have seven sources, which corresponds to 2.8σ.
11 Note that Fig. 12 shows 31 MSPs, Fig. 11 shows 23. The 8 MSPs that are missing in Fig. 11 are either without radio detection (in two cases) or the detected flux is not yet published. to account for fact that some or most of the unassociated sources could be actually radio-dim MSPs, and for the fact that that some of the MSPs in Fig. 12 are either radio-quiet or have no published fluxes. This procedure is somewhat ad hoc, but is completely data driven and should give a reasonably accurate description of the detection prospects of MSP candidates. However, the uncertainties associated with this method are certainly large, and likely affect the resulting detection probability by a factor of roughly two (which we estimate from the typical Poisson error associated with drawing from just nine sources).
Detectability
In Fig. 13 , we show the detection probability of gamma-ray bright bulge MSPs in different regions of the inner Galaxy, assuming that each source is observed by the GBT as summarized in Tab. 3. We note that here we adopt integration time per pointing of 60 minutes for all three observational scenarios (see below). We adopt the empirically derived radio luminosity function for gammaray bright MSPs as discussed above, and calculate the probability that a bulge MSP along the line-of-sight can be detected, weighted by the source density in the bulge and the volume factor.
At high latitudes, the probability is nearly 10%, whereas close to the Galactic disk it is well below 0.1%. This already indicates that follow-up observations of individual MSP candidates are rather challenging, even if their position is known precisely. This is true in particular close to the Galactic disk.
In order to get an estimate for the detection probability of a typical bulge MSP candidate, we average the detection probability over the 13 reference 3FGL sources from Bartels et al. (2015) . The resulting probabilities are summarized in Tab. 4, for the different observational scenarios from Tab. 3. We find average probabilities of 18% in the case of GBT, which grow to 40% in the case of SKA-mid.
Our results indicate that, on a short timescale, radio follow-up observations of MSP candidates with the GBT or similar instruments are the most promising strategy to actually find the first MSPs from the bulge region. Figure 14 . Number of detectable sources as a function of the number of targeted observations using GBT with total integration time of 10 hours (dotted red), 30 hours (solid blue) and 100 hours (dashed green).
Instrument t obs
Detection of MSP candidates total Probability Number (20 total Table 4 Projected number of detections for follow-up radio searches in 20 MSP candidates, assuming that all of the MSP candidates are indeed gamma-ray luminous MSPs in the bulge region. The radio luminosity of gamma-ray luminous MSPs is estimated from a flux limited sample of high-latitude MSPs and unassociated sources.
Although the results were obtained in an observation-driven approach, they are uncertain by at least a factor of two and of indicative value only. Caveats are discussed in the text.
The numbers in Tab. 4 are very promising. However, as mentioned above, additional effects need to be taken into account that will further reduce the detection probabilities. Firstly, not every MSP candidate will correspond to an MSP. This will reduce the number of possible detections by the likelihood for a given MSP candidate to correspond to an MSP (probably by up to a factor of two, see Bartels et al. (2015) ). Secondly, source localization is critical. The GBT beam size of 0.14 deg FWHM is comparable to the localization accuracy that can be reached with Fermi at 68% CL. Hence, several pointings might be necessary to fully cover the area in which the radio emission from an MSP candidate could lie. Both of the caveats need to be carefully taken into consideration when planning actual observations. Furthermore, we note that targeted searches using long, 60-min integration times have the additional issue that MSPs often reside in binary systems and Doppler smearing of the pulsed signal is difficult to correct in a blind search if the integration time is a significant fraction of the orbital period. This is further discussed in Sec. 6. Finally, in Fig. 14 we show the number of sources that will be detectable with increasing GBT targeted observations for a fixed total integration time. In general, it is more promising to use a shorter dwell time and allow more pointings. While with a total integration time of 10 hours only a few sources, out of 30 pointings, can be detected, a total integration time of 100 hours, distributed over 30 spots, in the sky would enable the detection of about 8 sources.
DISCUSSION
The predicted radio emission of the MSP bulge population has to be consistent with the results of existing pulsar radio surveys. We will here concentrate on the consistency with the Parkes HTRU mid-latitude survey, which covers latitudes in the range 3.5
• < |b| < 15
• , and hence regions of the sky that we find to be the most promising for finding MSP bulge sources (at lower latitudes scattering becomes increasingly important). We find that, with the configuration listed in Tab. 3, the HTRU mid-latitude survey should have detected around 7 MSPs from our reference bulge population and luminosity function ('Model 3'). For the alternative luminosity functions Model 1 (2) we find that 10 (4) bulge MSPs should have been seen.
Interestingly, the HTRU mid-latitude survey has detected only one field MSP within 3 kpc of the Galactic center, J1755−3716 at 6.38 kpc distance (Ng et al. 2014) This source could be just on the edge of the bulge population. This is on first sight slightly inconsistent with the number of bulge MSPs that Parkes should have seen according to our above estimates. For reasons that we discuss next, we do not consider this discrepancy as severe, given that the HTRU sensitivity is just scratching the brightest of the bulge MSP sources. However, it is an indication that the bulge MSPs are in principle in reach of current instruments.
There are a number of possible interpretations for the apparent non-observation of a few bulge MSPs with Parkes HTRU. The first possibility is that the bulge MSP population has different properties than derived in this work, since it e.g. does not fully account for the observed gamma-ray excess in the inner Galaxy. This is certainly a possibility, but the inconsistency between Parkes HTRU predicted and actual detected sources is not strong enough to make definitive statements here (this would likely change if future surveys do not find bulge MSPs either). Another concern might be that we overestimate the sensitivity of the Parkes HTRU. This seems unlikely as our faintest simulated sources detected with Parkes HTRU (mid-latitude) have fluxes around 0.18 mJy, which is compatible with the faintest measured MSPs with Parkes (Levin et al. 2013 ). However, given that estimates of detection thresholds are very sensitive to a large number of parameters, we cannot exclude this possibility.
It could be that the radio luminosity function of bulge MSPs is significantly different from what is observed in globular clusters. Given the possibly different formation histories of MSPs in globular clusters and the bulge, this cannot be excluded. Lastly, it could be that a number of bulge sources were already discovered by the Parkes HTRU, but the DM-based distance measure is biased to lower values such that the MSPs appear closer and less luminous than they actually are.
We emphasize that most of the above caveats related to the sensitivity of the Parkes HTRU do not directly apply to the other reference surveys from Tab. 3. Already observations with the GBT will probe significantly fainter sources, which reduces the dependence on the details of the radio luminosity function in the bright tail. Indeed, we find that the number of sources detectable by the GBT for Model (1, 2, 3) is (162, 127,151) , and hence varies by less than 15% (see Tab. 2) from our reference result. However, a possible bias of DM-based distance measures cannot be excluded and would also affect results by the GBT and other instruments.
About three quarters of all field MSPs are bound in binary systems, with orbital periods ranging from 94 min to hundreds of days (Stovall et al. 2013 (Stovall et al. , 2014 . Given the many free orbital parameters, the induced Doppler shift in the observed pulse period can make an identification of the pulsation extremely difficult because it smears out the periodic signal in the Fourier domain. Using acceleration search techniques (e.g. Ransom 2001), it is possible to compensate for orbital motion; however, such techniques are only sensitive in cases where the observing dwell time is less than about a tenth of the orbital period. As such, this imposes a practical limitation to the beneficial dwell time per sky pointing.
Although the observation time per pointing in our described targeted searches are comparable to the smallest observed orbital period, which would cause problems for our reference searches, most other observed orbital periods are much larger, and we do not expect a very strong effect on our results. As we discussed above, orbits that are at least ten times longer than the dwell time per survey pointing should be enough.
Conventionally it is assumed that gamma-ray and radio luminosities are uncorrelated. However, we showed that high-latitude gamma-ray MSPs and unassociated Fermi sources suggest a loose gamma-ray/radio correlation. We used this relation when estimating the radio detection probabilities for bright gamma-ray MSPs in the bulge. If we would neglect this correlation, and assume instead that a given MSP candidate source has a radio luminosity that is randomly drawn from our reference luminosity function 'Model 3', the detection prospects in the case of, e.g., GBT in Tab. 4 would reduce from ∼ 18% to < 10%. Hence, the presence or absence of a gamma-ray/radio correlation has a significant impact on the prospects for radio follow-up searches for MSP candidates. In this context, we emphasize that if there are only a few dozen MSP candidates, then searching each one for 1 hour or more would still take much less time than blindly searching the dozens of square degrees of sky needed to potentially lead to the same number of MSP detections.
From Fig. 6 it is clear that the main limitation to the detection is scattering. In principle, this can be mitigated by observing higher frequencies, since the scattering time roughly scales with ν −4.4 . However, the price for this lower scattering time is a reduced signal flux because of the steep source spectrum. We use α ν = 1.7 as spectral index to rescale the flux density from one frequency to another, with flux density S ν ∝ ν −αν . This is in agreement with the average value found for MSPs (Kramer et al. 1998; Maron et al. 2000 ) (α ν = 1.6-1.8), while Bates et al. (2013) found α ν = 1.4 for slowly rotating pulsars.
In Fig. 15 we show the detectability predictions for GBT observations at 850 MHz, 2 GHz and 5 GHz respectively. While at 850 MHz the effect of scattering prevents the detection of sources in the inner region of the Galaxy and, in particular, along the Galactic plane, 2 GHz turns out to be probably the optimal frequency for large area surveys at mid-and low-latitudes 12 . Indeed, at 2 GHz, on the one hand, the relevance of scattering is reduced with respect to 1.4 GHz (as seen by comparing the number of sources detected in the Galactic plane and in the sub-region around the Galactic center) and, on the other hand, the reduction of the signal flux is not as relevant as at 5 GHz. At 5 GHz, indeed, the number of sources that can be detected with the same observation time is much smaller than the number of sources detectable at 2 GHz for all 2
• ×2
• sub-regions. The only exception is the region centered on the Galactic center, where the effect of scattering is still relevant, in agreement with the latest works considering the detectabiliy of MSPs at the Galactic center . However, these central sources are only detectable if they lie in the lowscattering tail of the scattering-time-DM relation. This, and hence the detection prospects in the inner 1 deg, are very uncertain. We note that past radio surveys of the GC region at high frequencies (Deneva et al. 2009; Johnston et al. 2006) were intended to find pulsars at the GC, in the very inner degree or less, with a very narrow field of view, and thus they were not sensitive to MSPs detection, as explained in .
As described above, we assume that all of the gammaray emission from the considered globular clusters comes from MSPs. In the case of, e.g., NGC 6440, which contains a young pulsar that is very bright in radio, it could be that the dominant part of the observed gamma-ray emission is actually due to this young pulsar, or another source along the line-of-sight (Abdo et al. 2010) . In that case, namely if we neglect NGC 6440 with its very high gamma-ray luminosity in our analysis, our estimate in Eq. (2) would systematically decrease. This would then increase the number of predicted radio-bright MSPs in the bulge, in the case at hand, by a factor of 1.5 and thus make our predictions more optimistic.
Finally, we comment on another relevant wavelength for MSP studies, namely X-rays. The observation of MSPs in the X-ray band has been pursued by several experiments in the past, and recently by the Chandra and XMM-Newton observatories. Up to now, 62 MSPs (with period P < 20 ms) have been detected (Prinz & Becker 2015) . MSPs are very faint X-ray sources with typical luminosities ranging from L X ∼ 10 30 − 10 31 erg s −1 . For this reason, their detection in the X-ray band is challenging, and requires very deep exposures. A large fraction of the MSPs detected in X-rays belongs to globular clusters (Bogdanov et al. 2006) . In general, no systematic differences exist between MSPs in globular clusters and those in the field of the Galaxy (Bogdanov et al. 2006) . MSPs around the Galactic center are very difficult to probe via soft X-rays (0.5 -2 keV), since their faint emission would be mostly absorbed by the intervening material. The hard spectral component could be seen by NuSTAR, which in turn suffers from poor angular resolution and makes it difficult to determine whether the source is an MSP (Perez et al. 2015) . The need for very deep ex- posures combined with the typical angular resolution of current X-ray observatories (i.e. 0.5 arcsec for Chandra and 6 arcsec for XMM-Newton) makes the exploration of a single 2
• × 2 • sky area (e.g., see Fig. 7 ) very time consuming. The discovery of a bulge population by means of X-ray campaigns seems therefore unfavored with respect to present day and next generation radio telescopes.
CONCLUSIONS
It has been proposed that the extended excess of GeV photons that was found in Fermi -LAT data from the inner Galaxy is caused by the combined emission of a large number of hitherto undetected MSPs in the Galactic bulge. We presented the first comprehensive study of the prospects for detecting radio pulsations from this new MSP population. Based on observations of globular clusters, which we consider as versions in miniature of the MSP bulge population, we constructed a radio emission model for the bulge population as a whole. We found a loose correlation between the gamma-ray and radio emission of individual sources in a flux-limited sample of high-latitude Fermi MSPs and unassociated sources. We quantitatively showed how existing radio pulsar surveys are not quite sensitive enough to detect a first sample of MSPs from the bulge population. Finally, we discussed in detail how future deep targeted searches as well as large area surveys can detect the bulge MSPs as a distinct population with high confidence in the upcoming years. Our main findings can be summarized as follows.
(1) Fermi -LAT data from the inner Galaxy suggests that around ∼ 3000 radio-bright MSPs (S 1.4 GHz > 10 µJy) are present as distinct population in the Galactic bulge.
Our estimates are based on an extrapolation of the gamma-ray and radio emission of six globular clusters. The largest uncertainties come from the details of diffuse gamma-ray emission from the inner 200 pc of the Galactic center, and the actual spatial extent of the MSP bulge population beyond 1.5 kpc.
(2) The expected surface density of radio-bright bulge MSPs a few degrees above and below the Galactic center can be determined with good accuracy.
For instance, at Galactic longitudes 0 • and latitudes |b| 5
• we predict a surface density of radio-bright bulge MSPs of (4.7 ± 1.5) deg −2 . This quoted error takes into account uncertainties related to the radio luminosity function, sampling variance of the relatively small numbers of MSPs in globular clusters, the diffuse gamma-ray emission from the inner Galaxy and the gamma-ray emission from globular clusters. Closer to the Galactic center the surface density becomes much higher (but so do the challenges of finding millisecond radio pulsations).
(3) We find that frequencies around 1.4 GHz are best for radio pulsation searches for bulge MSPs at mid-latitudes. The effects of scatter-broadening at these frequencies are rather large in the Galactic plane. Detection prospects are hence best at intermediate Galactic latitudes, 2
Due to broadening from scattering, observations at lower frequencies (850 MHz) yield in general a worse result, whereas observations at 5 GHz suffer from the pulsar's intrinsically decreased flux. Optimal frequencies are in the range 1.4-2.0 GHz. At intermediate latitudes, the most sensitive large area survey in the inner Galaxy is the Parkes HTRU survey at 1.4 GHz. The brightest bulge MSPs with a few hundred µJy just scratch the sensitivity of this survey, which is consistent with current results.
(4) Deep targeted observations of Fermi unassociated sources at mid-latitudes with the GBT, and with integration times per pointing of around one hour, can likely lead to the first discoveries of bulge MSPs.
We show that Fermi observations of nearby MSPs and bright unassociated sources at high Galactic latitudes suggest a loose but significant correlation between the MSP gamma-ray and radio luminosities. Taking this relation into account, we estimate that there is roughly an 18% probability (with uncertainties of at least a factor of two) that a 1-hour deep observation with GBT at 1.4 GHz could detect a bulge MSP that is seen in gamma rays. The success of such a targeted campaign will crucially depend on the careful preparation of a list of promising targets.
(5) In the upcoming years, large area surveys using, e.g., MeerKAT and later SKA, can cover hundred square degrees within a hundred hours of observation time, and they should find dozens to hundreds of bulge MSPs, both in the inner few degrees of the Galactic center and up 10
• Galactic latitude or more.
Thanks to the much larger field-of-view and gain, the prospects for detecting a large number of bulge MSPs with upcoming radio telescopes are excellent. The largest limitation of these searches will likely not directly come from the instrumental capabilities, but from the enormous computing time required to process all recorded data.
(6) We showed that, for observations a few degrees off the Galactic plane, the detection of 4 MSPs with a DM ∼ 300-400 pc cm −3 at latitudes around |b| ∼ 5
• could already be enough to detect the bulge component above the thick-disk MSP population with high statistical significance.
The bulge MSP population would increase the number of MSPs that are detectable at 7-10 kpc distances in the inner Galaxy by a large factor with respect to the expectations from only a thick-disk population, and hence at mid-latitudes easily identifiable as a distinct population. However, due to the large scatter broadening, even with SKA it will remain rather challenging to detect bulge MSPs in the inner 1 deg of the Galactic center (although a few sources might lie along lines-of-sights with reduced scattering). It is hence rather likely that in the foreseeable future the Fermi observations of diffuse gamma rays from the Galactic center will continue to provide the best (though somewhat indirect) constraints on a possible MSP bulge population in the inner ∼ 200 pc of the Galactic center.
In summary, if the Fermi GeV excess is indeed due to a population of MSPs in the Galactic bulge, the first discovery of this bulge population could be achieved with current technology in the next couple of years. Such a discovery would likely be based on targeted radio searches in Fermi unassociated sources, or source candidates just below the 3FGL threshold. It is hence now most pressing to build a list of the most promising targets from Fermi gamma-ray data, with reliable probabilistic statements about possible source types.
In the more distant future, on the time scale of at least five years and more, large area surveys with upcoming radio instruments should start to detect many dozens or even hundreds of bulge MSPs. The scientific implications of such detections would be significant. They would allow a systematic study of a potentially very large sample of field MSPs in the bulge, of their gamma-ray and radio emission properties, and of their formation history. They would clarify the origin of the long-debated Fermi GeV excess, and allow to disentangle emission from unresolved point sources from the truly diffuse emission from the Galactic bulge, with possible contributions from the Fermi bubbles, the activity of the supermassive black hole, or even a signal from dark matter annihilation. Lastly, they would open a completely new window for the systematic study of the formation history of the Galactic bulge and center and the objects that they contain. of the bulge population. However, we will here analyze the properties of these 13 sources, as well as some of the other wavelet peaks found in this analysis, to firstly confirm that an MSP interpretation of the 13 sources as well as the significant wavelet peaks is compatible with multi-wavelength data, and secondly demonstrate the potential and limitations that such multi-wavelength studies of MSP candidates in the inner Galaxy entail.
Cross-correlation of gamma-ray MSP candidates and known radio pulsars In the recent analysis of the inner Galaxy by Bartels et al. (2015) , which adopted a wavelet decomposition of the gamma-ray sky to search for sub-threshold point sources, a significant clustering of photons compatible with the unresolved gamma-ray emission from a bulge population of MSPs as suggested by Fermi -LAT data has been observed. The region of interest (ROI) of the analysis is defined by | | < 12
• and 2 • < |b| < 12
• . The signal-to-noise ratio of the wavelet transform at position Ω, S(Ω) (Eq. (2) in Bartels et al. 2015) , is a rough measure for the local significance for having a source at position Ω, in units of standard deviations. The peaks in S(Ω) considered in the wavelet search have significances in the range 1 ≤ S ≤ 10. In particular the ones with S > 3 may be considered as promising targets for radio follow-up searches for radio MSPs.
If the more significant gamma-ray wavelet peaks from Bartels et al. (2015) are indeed identified with a bulge MSP population, they should not be correlated with foreground sources. We explore this possibility by studying the correlation between the radio pulsars in the ATNF catalog (Manchester et al. 2005 ) and the wavelet peaks with S > 2 and S > 3. Within the main ROI, the pulsar ATNF catalog contains 331 pulsars with a measurement of the distance. However, we will study potential correlations not only in the inner Galaxy ROI, but also in the control regions along the Galactic disk from Bartels et al. (2015) , centered in l = ±k · 20
• and b = 0 • , with k=1,2,3,4 and with the same extension of the Galactic center region.
We consider here the same wavelet peaks as in Bartels et al. (2015) . That means from the total number of identified wavelet peaks we subtract: (i) all sources that spatially coincide with associated sources from the 3FGL catalog ; (ii) all unassociated sources with a non-pulsar spectrum, according to the same criterion as described in .
We derive for each ROI (main and control) the number of positional correlations between the gamma-ray wavelet peaks and the ATNF sources. As threshold distance for the correlation, we tested two values, 0.1
• and 0.2 • . The first angle cut is equal to the largest value of the 95% containment angle (Conf95 SemiMajor in the 3FGL catalog), which is an indicator of the positional error of point sources. The second value 0.2
• has been considered because most of the gamma-ray peaks are just below the detection threshold and so the 95% containment angle parameter for them is effectively larger. However, we found similar results and will only use 0.1
• in the following. In Fig. 17 we plot the number of positional correlations as a function of the longitudinal ROI position. For the gamma-ray wavelet peaks we have chosen the significance S > 2 and S > 3. The results are plotted as black error bars, and actually fluctuate strongly from ROI to ROI. The error bars are defined as the Poissonian error on the number of correlations.
We have also estimated the number of positional correlations that one would expect from a random positioning of the wavelet peaks in each of the analyzed sky regions. In order to derive this test population, we used "scrambled data" Figure 17 . Number of positional correlations between the gamma-ray wavelet peaks and the sources in the ATNF catalog, as a function of the Galactic longitude, for latitudes 2 • < |b| < 12 • . The left (right) panels correspond to peaks with significance S > 2 (S > 3). The black points represent the correlations found from the real gamma-ray wavelet peak catalog as discussed in the text, while the blue ones are derived from a reshuffling in latitude bins. The analysis is performed for threshold angles 0.2 • (left) and 0.1 • (right). Table 5 Results for the fits to the gamma-ray spectra of the 13 unassociated 3FGL sources from Bartels et al. (2015) , using 3FGL catalog spectral data and two different assumptions for the SED parameters (see text for details).
3FGL
and changed the longitude and latitude of each wavelet peak randomly in the interval [l − 2
. In this way, we largely preserve the observed spatial distribution of the peaks, which is concentrated along the Galactic disk.
The cross-correlation that we find between the ATNF sources and our scrambled test wavelet sample are shown by the blue error bars in Fig. 17 . Interestingly, for both S > 2 and even more S > 3, we find in most ROIs an excess of correlations above what is randomly expected, with the exception of the Galactic center and a region around ≈ 40
• . This strongly suggests that some of the wavelet peaks are actually caused by the emission of pulsars that are already part of the ATNF, but not the 3FGL. We note that the number of potential correlations in each ROI is much larger than what we find.
The variations in the correlation between wavelet peaks and ATNF sources that we find in most of the control regions away from the Galactic center suggest that along the Galactic plane a number of radio pulsars remained below the Fermi detection threshold up to now, but showed up as wavelet peaks in our analysis. This effect depends on the general pulsar density in a certain direction, and happens to be small towards the inner Galaxy.
AN ANALYSIS OF 13 GAMMA-RAY UNASSOCIATED SOURCES IN THE INNER GALAXY
We will in the following study in some detail the properties of the 13 unassociated 3FGL sources that were identified in Bartels et al. (2015) as MSP candidates (see their Table I ). We stress again that this does not imply that these sources would be the best targets for radio follow-up searches. Instead, the discussion below will show what is in general possible with spectral and multi-wavelength analyses.
